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Abstract 

Higgs multiplet in the vector-spinor representations of 5*0(10), i.e., the 144 + 
144 multiplet can break the SO (10) gauge symmetry spontaneously in one step 
down to the Standard Model gauge group symmetry SU (3)c x SU (2) L x U (l)y and 
a recent analysis has used such vector-spinors for building a new class of 5O(10) 
grand unification models (hep-ph/0506312) . Here we discuss the techniques for the 
computation of several classes of vector-spinor couplings using the Basic Theorem 
on the SO(2N) vertex expansion developed by the authors. The computations 
include the cubic couplings of the vector-spinors with 5*0(10) tensors, quartic self- 
couplings of the vector-spinors, and couplings of the vector-spinors with spinor 
representations of 5O(10). The last set include couplings of vector-spinors with 
the 16-plets of quarks and lepton and with the 16 and 16 of Higgs. These couplings 
provide a crucial tool for further development of the 5O(10) grand unification 
using vector-spinor representations. These include study of quark-lepton masses, 
analysis of dimension five operators including baryon and lepton number violating 
operators, and study of neutrino masses and mixings. Illustrative examples are 
given for their computation using a sample of vector-spinor couplings. 
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1 Introduction 

SO (10) is a favored group for the unification of the electro-weak and the strong 
interactions [1, 2]. However, there is a wide array of possibilities for model building 
within the gauge group. Thus while the remarkable feature of SO (10) is that it uni- 
fies one generation of quarks and leptons within one irreducible representation, i.e., 
the 16 plet representation, the Higgs sector of the theory is largely unconstrained 
and thus there exist a wide variety of models which differ by the choice of the Higgs 
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sector of the theory. In most models the Higgs sector is generally quite elaborate 
involving several Higgs multiplets necessary for the breaking of 6*0(10) symmetry 
in steps down to the Standard Model gauge group SU(3)c x SU(2)l x U(1)y- An 
interesting recent proposal made by Babu, Gogoladze and the authors is to use a 
single pair of 144+144 multiplet to break the SO (10) gauge group in one step down 
to the Standard Model gauge symmetry[3]. The couplings involving the 144 and 
144 are rather intricate and not easily computable. However, significant progress 
has occurred recently in how one may compute couplings involving spinor and 
tensor representations of SO(10)[5, 6]. An important result in such constructions 
is the so called Basic Theorem deduced in Ref. [5] using oscillator techniques [7, 8] 
which facilitates the computations of vertices involving spinor and tensor SO (10) 
representations. Thus using the basic theorem, couplings of the type 16 x 16 x 10, 
16 x 10 x 120, 16 x 16 x 126 and 16 1 " x 16 x 1, 16* x 16 x 1 were computed in 
Ref. [5] and further applications of the technique were made in Ref. [9]. Now the 
couplings of the 144 and 144 are more involved. This is so because of two factors: 
first we are dealing with a vector-spinor rather than just a spinor representation of 
5O(10). Second the vector-spinor is constrained in order that it correspond to the 
irreducible 144 or 144 representation of SO (10). Nonetheless, we will find that the 
techniques of Ref. [5] appropriately adopted to this case will prove very useful in 
the analysis of 5O(10) vertices: cubic, quartic or of higher order. In this paper we 
will limit ourselves to the analysis of cubic and quartic interactions where the 144 
and 144 are involved. The detailed knowledge of the couplings of a gauge group are 
useful in model building [ 1 0] , and in extracting the implications of the models for 
spontaneous symmetry breaking, neutrino oscillations [11] proton decay[12, 13, 14], 
computation of the mass spectra and a variety of other applications. This provides 
the motivation for a detailed analysis of the couplings discussed below. 

The outline of the rest of the paper is as follows: In Sec. 2 we give a brief 
summary of previous results which are essential for the developments of the suc- 
ceeding sections. Here we discuss the generators of SO(10) in the SU(5) x U(l) 
basis using the oscillator approach. We then state the so called Basic Theorem 
that significantly facilitates the computation of couplings for spinor and tensor 
representations in 5O(10). In Sec. 3 we address the question of how one may treat 
the 144 irreducible representation through the use of a constrained vector-spinor. 
This is so because, the vector-spinor in 5O(10) has 16 x 10 = 160 components, 
and we need a constraint to eliminate sixteen components to get the irreducible 
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144-plet tensor. In this section we also decompose the 144 in representations of 
SU(5) x U(l) and define their normalizations. An analysis of the cubic couplings 
of 144 and 144 with the 10, 120 and 126 tensor representations is given in Sec. 4. 
Here we also discuss the cubic couplings of 144 with 1, 45 and 210 tensor repre- 
sentations. The corresponding cubic couplings involving just the 144 plets can be 
gotten by from these in straightforward fashion and are not explicitly exhibited. 
In Sec. 5 we discuss the self couplings of the vector-spinor representations. These 
couplings cannot be cubic and the allowed couplings must at least be quartic or 
higher. We compute the quartic couplings. These can be of several types. Thus 
144 x 144 can couple with 144 x 144 by mediation by 1, 45 and 210. Additionally, 
there are couplings where 144 x 144 and 144 x 144 can couple with 144 x 144 
and 144 x 144 either by mediation by 10, 120 or 126 + 126. Thus there are a 
variety of quartic self-couplings involving spinors. In Sec. 6 we discuss the cou- 
plings of vector-spinors with the 16-plet of matter. Here we consider couplings 
where 144 x 144 and 144 x 144 couple with 16 x 16 plets of quark-lepton matter 
multiplets via mediation by 10, 120 and 126 + 126. In Sec. 7 we discuss the gauge 
couplings of the 144 and 144 with the singlet gauge field and with a 45 plet of 
gauge field belonging to the adjoint representation of 50(10). In Sec. 8 we give 
some illustrative examples of how the vector-spinor couplings are to be used in 
model building. Conclusions are given in Sec. 9. Some further details of the quar- 
tic couplings from 10-plet mediation are given in Appendix A, and similar details 
for 120-plet mediation are given in Appendix B, and from 126 + 126 are given in 
Appendix C. Field normalizations for fields other than the 144-plet are given in 
Appendix D, and in Appendix E we discuss how one may limit to the case of one 
generation of 144 + 144-plet of vector-spinor fields. In Appendix F we illustrate to 
the reader, by means of an example, the technique used for the actual computation 
of a vector-spinor coupling. 

2 Preliminaries 

An efficient decomposition of the SO (10) vertices is in the SU(5) x U(l) basis. In 
Sec. (2.1) we give the basic formulae for the decomposition of the 5O(10) generators 
in this basis and in Sec. (2.2) we give the Basis Theorem for the computation of 
the SO (10) vertices. 
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2.1 SO(10) generators in SU(5) x U(l) basis 

We begin by denning the Clifford elements, (fi = 1, 2, 10) in terms of creation 
and destruction operators, 6; and b\ (i = 1,2, ...,5)[7, 8] 

r* = & + &!); r 2 ,_! = - fej) (1) 

so that 

{r„r,} = 2V (2) 

where 

{6i,65} = ^; {fei,6,-} = 0; = (3) 

and that the SU(5) singlet state |0 > satisfies bi\0 >= 0. 

The 45 generators of 50(10) in the spinor representation are 

s pCT = i[r p ,r CT ] (4) 

In the analysis of 50(10) invariant interactions one also needs the equivalent 
of charge conjugation operator given by 

B = II r M = -<f[(6*-6l) (5) 

H=odd k=l 

The semi-spinors ^(±)d (a = 1,2,3) transforms as a 16(16)-dimensional irre- 
ducible representation of 5O(10) and contains 1 + 5 + 10(1 + 5 + 10) in its SU(5) 
decomposition. They are given by 

>= |0 > M, + i&j6t|0 > M'l + ^ klm b)b\b\bl\U > M dl (6) 
>= 444^1410 > N d + ^c y * hB 6l6}6! B |0 > + 6}|0 > (7) 

2.2 The Basic Theorem for computation of SO(10) vertices 

We now review the recently developed technique [5] for the analysis of SO(2N) in- 
variant couplings which allows a full exhibition of the SU (N) invariant content of 
the spinor and tensor representations. The technique utilizes a basis consisting of 
a specific set of reducible SU(N) tensors in terms of which the SO(2N) invariant 
couplings have a simple expansion. To that end, we note that the natural basis 
for the expansion of the SO(2N) vertex is in terms of a specific set of SU(N) 
reducible tensors, $ Cfc and $c fc which we define as A k = $ Cjfc = & 2 k + i$2fc-i, A k = 
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$c fc = &2k — 2^2*;— l- This is extended immediately to define the quantity Q Ci cjc k .. 
with an arbitrary number of unbarred and barred indices where each c index 
can be expanded out so that A 1 A* A k ... = ^ Ci c 3 c k ... — *&2ic 3 c k ... + i*&2i-icjc k ... etc 
Thus, for example, the quantity $ Cl c j c fc ...c JV is a sum °f % N terms gotten by expand- 
ing all the c indices. <&c i c j c k ...c n is completely anti-symmetric in the interchange 
of its c indices whether unbarred or barred: $ Cl c j c fc ...c n — —&c k cjCi...c n - Further, 
^*CjZjc k c n = &c i c :j c k ...c n etc.. We now make the observation [6] that the object 
^Cic 3 c k ...c„ transforms like a reducible representation of SU(N). Thus if we are able 
to compute the SO(2N) invariant couplings in terms of these reducible tensors 
of SU (N) then there remains only the further step of decomposing the reducible 
tensors into their irreducible parts. These results are codified in the so called The 
Basic Theorem which we discuss next. 

The vertex r M r i/ r A ..r cr $^a..o- where $^a..o- is a Higgs tensor, appears often in 
SO (27V) invariant couplings and can be expanded in the following form 

T^T u T x ..T a ^^ x ... (T = b\b\b\...b\^ c%C]Ck ... Cn + (b t b]b{...bl$- CiCjCk ... Cn + perms) 
+ (b i b j bl...bl<S>c i c jCk ...c n + perms) + ... + (b i b j b k ...b n ^ l bl§ z - c - Ck .- Cn _ lCn + perms) 

+b i b j b k ...b n ^c i c j c k ...c n (8) 

As mentioned above, the object Q Ci cjc k ...c n transforms like a reducible representa- 
tion of SU(N) which can be further decomposed in its irreducible parts. 

3 144 and 144 as Constrained Vector-Spinor Mu- 
tiplets 

In this section we discuss the SU(5) particle content of the 144 and 144 vector- 
spinors and their expansion in terms of oscillator modes. We also normalize the 
fields in the decomposition of vector-spinors. Finally, we define the notation that 
is used in the paper. 

3.1 Field content in SU(5) x U(l) decomposition 

We begin by discussing first the field content of the reducible vector-spinor 160 
and 160 multiplets[3]: 

>= |0 > P„ + ^&!&t|0 > P% + ^ klm b]b{b]bl\0 > (9) 
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>= b\bibtb\bt\0 > + ^ klm b{bjbl\0 > + 6}|0 > (10) 

where the lower case Latin letters i, j, k, I, m, ... = 1, 2, 5 are SU(5) indices, the 
lower case Greek letters /i, u, p, ... = 1, 2, 10 represent 50(10) indices, while the 
lower case Latin letters with accent a,b,c,d= 1, 2, 3 are generation indices. The 



SU(5) field content of 160 + 160 multiplet is 

T60(* (+ g = 1(P) + 5(Pi) + 5(P*) + 5(P*) +T0(P ij ) +ID(P y ) +T5(Pjf ) 

+24(P})+40(Py+45(P^) (11) 
160(*(_)„) = 1(Q) + 5(Q 4 ) + 5(Q0 + 5(Qi) + 10(CT) + 10(Q^) + 15(Qf s) ) 

+24(Q})+40(Qf)+45(Q} fc ) (12) 

These SU(5) fields are extracted from the reducible fields appearing in Eqs.(9) 
and (10) as follows: 

100 = 50 + 50 : Pj? = (Pg , Pg ) = (R fo]fe , Rjf ] ) 
100 = 50 + 50 : Q^j = (Qij Ck ,Qijc k ) = (S^j, S^jfc) 
50 = 25 + 25 : P, M = (P iCfc , P^) = (r£ R, fe ) 
50 = 25 + 25 : = (Q^,Q* Cfc ) = (S« , S* fe ) 

10 = 5 + 5 : P M = (P Cfc , PcJ = (P", P fc 
TO = 5 + 5 : Q M = (Q Cfc , QcJ = (Q fe , Qk 

50 = 45 + 5 : rJ? 1 = Pj? + ± (ajP* - 6^) 



50 = 45 + 5: S^, = Q} fc + - ^ fc Q. - «5]Q fe 
50 = 40 + TO : R^ ]k = e ijlmn P k mn + e ijklm P lm 

50 = 40 + 10 : S[jj]fc = eij7mnQfc" n + tijkimQ, 1 ™ 1 
25 = 24 + 1 : R} = P} + ^P 

25 = 24 + 1 : S} = Q} + ^<5$Q 

2 v -u 



25 = 10 + 15 : R^ = l - (Pij + P\ 
25 = 10 + 15 : S ij = ]- (CT + Qj J 5) ) (13) 
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3.2 Oscillator mode expansion of irreducible 144 and 144 
multiplets 

The vector-spinor \^(+)^ > is unconstrained, has 160 components and is reducible. 
To see how the 160 plet can be reduced, we note that r /i |\l/( + ) M > is a 16 dimensional 
50(10) spinor. Thus one way to define an irreducible 144 (144) dimensional vector- 
spinor is to impose the constraint 

rgr (±)M >= o (14) 

We explore now the implication of the above constraint. The contraction of T u 
with the 160+160 multiplet \^(±)n > gives 



T^ (+)u >= b\blblb\bl\0 > P + ^ klm bW m \V > (Py + 6Py) 

+ b\\0 > (P' + P*) 

>= |0 > P + iftj6t|0 > (Q ij + 6Q«) 

+y/ jklm b]b{b]bl\0>(Q l + Q l ) (15) 



Thus to get the 144 and 144 spinor, |T(±) M >, we need to impose the following 
conditions: 

p = 0, P=-P\ p^-Ipy 

Q = 0, Qi = -Q h Q« = -1q« (16) 

6 

Hence, we have following relation 



I^W** > U^W' 1 > ) constraint of Eq.(16) 



The above implies that certain components of the 160 and 160 multiplets are either 
zero or are related thus reducing the number of independent components from 160 



to 144. For completeness, we give the expansion of the constrained 144 and 144 
vector-spinors in its oscillator modes 



(144) : ' T(±)/i >= T(±)c - >: ' T(±)5 - > 



|T (+)Cn >= |0>P B + i&!&J|0> 



ijklm-pn ijnlmr> 

+ ^ jMm b]b{blbi\0 > PI 
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|T (+)c -„ >= |0>P ri + -^ t |o> 



+_ e ««™&t 6 t 6 t 6 tj 



> 



-P +-P^ 

2 A in ~ 2 mi 



|t ( -)c >= bWM\o > Q n + ^e^&M&Jjo > [qs + I (^Q,- - ^Q.) 



|T ( -) c - n >= b{btbtblbt\0 >Q n + - € ^ lm blbjbl\0 > 



+b\\0> 



In™ + In*" 



+6J|o>q; (18) 



3.3 Normalization conditions and notation 



To normalize the £77(5) fields contained in the tensor, |T(±)^ >, we carry out a 
field redefinition 



{5}: P l = V l , {5}: P* = —V\ {10}: P„ 
{15} : Pf^Pf, {24}: P* = V), {40}: P 



{45}: n = V } 



16 

5 ij 
V) 



1 



(19) 



{5}: Q/ = Q*, {5}: Q, = -j=Q h {10}: = 

{15}: = {24}: Q} = Qj, {40}: Qf 

{45}: Q* =G* 

In terms of the normalized fields, the kinetic energy of the 144 and 

— < 5 j4 T(- t ) M |(9 j4 T(- t: ) At > takes the form 

\-ltn = -d A V^d A V t - d A V}d A V t - ±d A V^d A V tJ 
-^d A V%\d A Tf - d A V?d A Vi - \d A V^d A V\ 3 



1 s^ijk 



144: 



-\d A v\}d A vi 



ijk 
ij 



(20) 



(21) 



\-Z = ~d A Q\d A Q - d A Q^d A Qi - ^d A Q\ 3 d A Q^ 
\d A ^d A q s) - d A C$d A Ql - ^d A Q% k d A ^ k 



2! 



\d A Q?d A Ql 



(22) 
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where A — 0, 1, 2, 3 represents the Lorentz index. 



For ease of reference we give below the notations that will be used in much of 
the paper. 

1. The set of indices (U,W)...(Z,Z') run over several Higgs representations of 
the same kind 

2. represents mass matrices 

3. hU, U\ /(■), /(•), g (\ $(■); fcC), [(■) are constants 

4. An antisymmetric product of four T's for example, is represented by 

r^r^rpr^j = -tt^2(— i) p r jUp(1) r^ p(2) r Pp(3) r / \ p(4) (23) 

with 5Zp denoting the sum over all permutations and Sp takes on the value 
and 1 for even and odd permutations respectively. 

4 Higgs Sector Cubic Couplings 

In this section we compute the cubic couplings in the superpotential involving two 
vector-spinors and one each of the tensors 1, 10, 45, 120, 210, and 126 plet of 
Higgs. We will discuss their SU(5) x U(l) decomposed form below. 

4.1 The (144 x 144 x 1) couplings 

The (144 x 144 x 1) coupling structure in the superpotential is 

W (1) = $ < r* { _ w \B\T {+)h > $ (24) 

Where $ is the 1-plet of Higgs field. The coupling structure in the SU(5) x U(l) 
decomposed form is 

(i) 



W« = ih\ h 

ao 



-Of VI + Q- Vt + —Qv Vc- + -Q7 Q \-Vy > 

g ~^ai' b ~ ' hi ]_Q a bij 2 \ S ) a bij 



H (25) 
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4.2 The (144 x 144 x 45) couplings 

The (144 x 144 x 45) couplings in the superpotential is 

W (45) = < Tf-^I^IT^ > 5v (26) 

where <E> p(T represents the 45-plet of Higgs field. The couplings in their SU (5) x U(l) 
decomposed form are given by 



w( 45 ) = h 



(45) 
ab 



_iL n^v j + 11 O ijT V- + o ijT v {s) + 1 O kT V ij 
v /Jq^j bi ^ iovTo bii vTO (5) bij 2v / 10 bfc 
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5V10 



/5 — 1 ^^T^ 



2 



6V10 



H 



+ 



1 



Qk'T'Tjlm 
■ a 1 bk 



1 2 1 

_ O'T'Tjm i f|ltTf)m . ^klmT^~>n 



20^ 



1 1 

ijklrri(WTq^_ ijklm qT <r>n / ^ ijklm.Qn'Tq}, 

jk 3\/T0 3 ' fe 4V 5 6 



i _^ ijklm QnT<p(S) 



bnk 



+ 



Lo feT -p- 

^2 '"' 



■al ' ft/cm 



v/2 



-an ' bfcira 



7 e n ijT T> k - - 
~20V3 ^ m " 6 Sv^ 



|_j im 



1 /-)inT -pi*: 



+ 



V^QaikP b i v /l0^ difc ^ ~^ V /J()^' ifc ^ 10\/2^ ai ^' 



i L QjklTjym _ 1 QjklTjy _ 1 QklT'pj , 1 (y kT T> 

V2 m Ji ' fci 15\/2 

3_ QjkT v (S) h_ Q jkT v _ _ J_ Q ifeT _ /n^T^i 



(27) 



4.3 The (144 x 144 x 210) couplings 

The (144 x 144 x 210) coupling structure is 



W(210) = < V-)a»\BT [u T p T a T x] \r {+ ^ > ^ 



4! 



(28) 
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where $„ po -A represents the 210-plet of Higgs field. The superpotential in the 
SU(5) x U(l) decomposed form is 



w( 2i °) = ihT 

ab 



2VT5 &j k 



0^ T V- 1 1 QVT V (S) 1 C kT v ij 



+ — J_0 T V i - + -il-O iT V- 1 1 q^ v i 
10V5^ 1 b 2 V 3 ^ d bi 12V15 Mjk 

1111 

K^a bk o/77T^d ft t" -/T^d fcfe fi A /o^ ^ 



+ 



2v ^^d 6fc 2 ^ 
1 / 3 jAhl™ ^T 1 J 



_i_ a I Jjklm T v 

+ 4VlO e 



ijklrn nT -pn , j; ijklrn /->nT-p . 



1 

"24 



^aij bnk 



H 



Urn 



+ 



—O kT V- 1 Q T 

2v/2 d/m bfc 2^ 6m ' 3^15 



, y ! p . 1 o fcT -r> -1 —o kT v n 

bin ., /j^^-dl 1 bkm~ gy^ " n bklm 



1 / Q 1 1 

— -A —e Q^ T T> k I r Q^ kT T> n I r O inT T> jk 

4 V 10 ■ ?Mm & 6\/l0 ■ 7 ' Mm n & 8\/T5 ] ' klm f>n 



+ 



3^ 
• QjklTspm 1 



difc 6 < ^ 6^ 6 qVTo dk k 20V2 

. .... , — Qi klT r¥ + 1 Qfe' T pj . ^cr 7/l > 

6v/2 ww 6v^5 fc 6^ Ukl 9 a ' 



6^2 blkl 6 V / 15 b 6VIE a Ukl 9 a 
_I J l(V' fcT P (s) 4- —O jkT V' 3_o ifeT 'P { ' s ' ) —O jT V k 

2 V 10 ^ 2|10 ' S ' 2v^ ^ & oki y/2 k *>i 

-J_Q jT Vi- + —Q jT vi s) + 2\[^Q T .V1 



+ 



Hi 



H' 



H,- 



+ 



J; QmTnykl , j; QkT<pl _ \ qT g-,kl , j; QklmTjyn 

1 ->fcZT 



bmij 



Q™?V kl A cr: • , 

2^6 aiJ bm 2V30 3 b 2^/m m b3 2V6 

1 



1 QklmT-p 1 1 QlmTspk , _ qHTj-, 

' V5 * ^ 3^ ^ 15^ " " j 



n fe« 



+ 



6^ 
1 



H 
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+ 



111 

ijklm /tfT , ijklms-ypT sjf(S) ijklm /-\T <ry 

Q^/§ &in bjp ^ -^din' b jp gQ e -^an> bij 



1 , • „• i 

60 f 



ijklm C^T), \ r ij klm s-\T spjS) . _ s-jklmT spp \ /|imT-pfe 

-^■ai 1 bjn 12\/T5 J ™ Q * ^ P & ^ n 



bjn 3v /g' 



3^' 



H 



klm 



(29) 



4.4 The (144 x 144 x 10) couplings 

The (144 x 144 x 10) couplings in the superpotential are given by 



W< M > = /.V < TJ +) ^|5r v |T (+) ^ > $„ 



(30) 



where represents the 10-plet of Higgs field. The superpotential in its SU(5) x 
[7(1 ) decomposed form is 



w( 10 ) = iti'l 

ab 



(10)(+) 



J_ ijlmwrykT <ry , j[_ ijlmn^rykT / ry(^) ijklm<r>T <tj 

r^ t 1 dlmn 1 bik "T ' nimn.' - e ' nlm ' ji 
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aim oife 



5 « ' bi 



H, 



+ 



<pT pi] 

m 3 bk 



where we have defined 



,(">)(+) 

h,< 

ab 2 



o V o-b ba J 



H k (31) 



(32) 



4.5 The (144 x 144 x 120) coupling 

The (144 x 144 x 120) couplings in the superpotential are given by 



W (i 20 ) = * < Ti +) jBr [u r p r x] \r {+ ^ > $, pA 



3! 



(33) 



where $> vp \ represents the 120-plet of Higgs field. The superpotential in its SU (5) x 
U(l) decomposed form is 



w( 12 °) = iti: 



(120)(-) 
ab 



1 



3V10 



ijlmn^pkT 75, 



dlmn' bik 



1 1 

1 ijlmwryk'T -p(^) 1 ijfcZm-pT -p_ 

dlmn' fok aim' hit 



3^ 



5^ 



dim bik 



13 



^/g r ak 1 bi~ 



'a ' bi 



/15 



+ 



/15 



V jT V- - 2a / -v jT v (s) - —v?vi 

■'a bjk *\l 2 r a b jk aj bk 



+ 



1 1/2 4 /2 

ijlmnspT sph , ^ / * ijklm'pT <p _ ^ -pfcT-ptj _ n _T> lT V 3 

3a/3 / ^ / Mmn" r 3Y5 t 'ak'blm ^/\^ & bk ]] 5 A & 

e; r cm ' bjfc ^ -| c; ai bjfe 



H 



+ 



+ 



3V10 



+ 



ijmnp<plT <p r _ _ ijmnp'plT -pC 5 ) i j; ijlmnjyT <p 

' amnp' bkl amnp' b k \ ' Cjy/g amn' b 

1 O r> 

I 1 ijlmnspT <p(S) _T>^ T T>1 _ <p*T<pj 



^/g aklm' f,j 



J_-p-?' T -p™ --J-vT, V™ n 

J^ 1 a, I bjkl 3 y 5 afcm 



2^ 



H 



(34) 



where we have defined 



(120)(-) _ 1 /^( 12 0) _ ^ 120 >\ 

db 2 V 66 bd J 



(35) 



db 2 

4.6 The (T44 x 144 x 126) couplings 

The (144 x 144 x 126) coupling in the superpotential is 

W (T ^ } = ±ff < ^\ +) a,\BV [v V p V a V x V e] \T {+) ^ > * vpa » (36) 

where § vpa \e represents the 126-plet of Higgs field. The superpotential in its 
577(5) x U(l) decomposed form is 



w^) = ih { ™ )(+) 

ab 



5^ 



+ 



vi T v- 

V3 ' 1 

y^v jT v- - —V jT V (s) - J-v?v j 

5 W * y/E a ' bjk \ ;/ '"' ' 



H 



<y bk 



v lT v ij a - vy a - 

3^/10 m]k « 15^ au fefc 5^15 



' ail' j,t 1 /TT" ajfc' b 



+ 



3V30 



ijlmri'ry'T qyk ijklmqyT! -p 

! ' 6fc' bimn ^ ' ak' Mm 



+ 2 JlpkTpij 2 /_2_ , T ■ 

5 V 3 a 6fe 5V 15 a 6 



H 



14 



+ 



--V kT V- —V kT V ( * S) 

5 bjk y/TE m bjk 



H (5) 



+ 



1 .■„■ 



30 



ijmnpsplT <p , 
' amnp ' bkl ' 



1 



c i]mnp. 



6V15 



1 



ijlmrfpT <-p 

amnp' 5\/30 



15\/2 amn bkl V 15 fe 5 V 3 fc 



+ 



dijfc' 6„ isy^ 15 



3V15 



where we have defined 



db 



(126)(+) _ 1 / (126) ^ 126 A 

2 I db fed y 



|_|jjfc 



(37) 



(38) 



5 Higgs Sector Quartic Couplings 



We discuss now the quartic couplings involving four vector-spinors. We will discuss 
specifically the quartic couplings that arise from the cubic couplings discussed in 
Sec. (4) by elimination of the 1, 45 and 210 fields assuming they are heavy in the 
144 x 144 couplings and by elimination of 10, 120 and 126 + 126 assuming they 
are heavy for the 144 x 144 couplings. We first discuss the quartic couplings that 
arise from the elimination of 1, 10, 45. In this case we start with the superpotenial 



w(M5l21 o) = K Tl_ w \B\T {+)iix > k^ x + \* X M% X ,* X . 

+^ h T < T (-)d M l^r [ ,r p r a r A] |T (+) ^ > k {2 z w) <s> vpaXZ 



+^u P aXzMz 1 z f ^ upc7 xz' (39) 



We then eliminate $ x , & pa y, ^ vp a\z assuming they are superheavy using the 
F-flatness conditions 

n W (l,45,210) Q W (1,45,210) 0^(1,45,210) 

~^^- ' < 40 > 

We discuss now the individual contribution arising from the elimination of 1, 45 
and 210 separately. 



15 



5.1 The (144 x 144) x (144 x 144) 1 couplings 

The (l44 x 144^ (l44 x 144^ couplings gotten by the singlet mediation are given 
by 

W2U = 2A2„ < r* { _ w \B\r {+)ill >< Tl )6X \B\T {+)dx > (41) 

where 



< T (-)d M l 5 l T (+)6 M > = 



+ Q i ?<pj _ -QV^vi , - -Q. !/l 'V'A (42) 

^^o? I bi Q^al ' bijk 2 J bk ) 



Explicit evaluation of the above quantities gives 
V\A 1} , = A ( ., .,{-— QT. W Q T V J - - — Q T -V\ Q jT Vj ■ - — QT. W Q jkT Vj ., 

vv dim-5 ab,cd 1 25 * b~^c'J d 5 -^m' 6 ' dj 25 J 

9 1 1 

__O l - 7 ' T 'P- O fcT 'P i I Q %: > V QklmTjyn i_Q l ^ T T>, Q kT T> lm 
g -^d bij^-cl dk 15 " bij-^cn dklm 5 " bij-^clm' dk 

_ 1 ^ijT ^-.fciT -p(S) _ on yT -p(S) ^feT-pi , 1 ^ijT <p(S) ^fc/mT-pn 

2 ^(S)d' fcj *&(S)6' dkl Z ^(S)d l dij W <3 ' dfe + 3 ^(5)d / dij W &» ' d'fcim 

~^aj ' bi^-clm 1 dk 18 di bijk~^cp dmno 3 d/ bijk^cno dm 



-Q 1 : v V' j Q! t V l j \ (43) 



where we have defined 



(i) (i) (i) (1) 

A,/ = h,ih,;k v 
ab,cd ab cd X 



M w \M m M m - ill 
M (1) = \m w + (M w ) T1 ~ 1 



(44) 
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5.2 The (144 x 144) 45 (144 x 144) 45 couplings 

The (l44 x 144^ (l44 x 144) couplings gotten by the 45 plet mediation are 



given by 



A (45) 

ab,cd 



-4 < Tf.^Sft^lT^ >< Tf_ )dA |B6j6}|T ( 

+)<A > 
+)d\ > 



+5 < T 



(-)a/i 



5 I T (+)6 M >< T (-)cAl 



5 l T (+)dX > 



(45) 



where the explicit evaluation in SU(5) x C/(l) decomposition gives 



< Tf_,^| |T 



(+)&/* 



>=Z<- 



^ n jfeT/ P; _|_ r\^ kT T> 1 _l- Z ijklm n T <r>, 
'^d 'bk + ^-al 'bk ~ ^ ^d.fc'fc 



6fe 



lOv^ 



dfc ' Mm 



ijklm s~\T <ryn 



1 

2 



Ajklm /-\nTT) 



akl bmn 



-\l~^Q&J v bki + QdTHijk + ^^ e ^™Qd T ?T 

/~\klmT'jyn . / ^fcnT-p/m. 
m " ° 2 V 10 i klm & bn 



< ?UdMW i+) b» >= * - ^7H 2 ^ + ^H 2 ^ 

20 ai b 20 b 2 m bikl 

— QklmTjyn _ \ (y klT T> , _ ^ QkVT<pj 
q u i ~6an bklm ^/gg ^di fcZfi ^/gg ^d 
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4- 1 4 ro jkT v- 1 o jkT v (s) + 1 f? o klT v is) 

2 V 5 (S) bki ~ 2 {s)d hki 2 ! * 



~&l-\^rVl^ (49) 



where 



(45) _ ^(45)^(45)^(45) 



Al (45) {A< (45) ^ (45) - 1} 

M (45) + (M 



k , 

yy y 



(45) 



M 



(50) 



5.3 The (144 x 144) 210 (144 x 144) 210 couplings 

The (l44 x T44~) (l44 x 144) couplings are gotten by 210 mediation and are 



given by 

^ dim~5 ~ 



J_ (210) 
j^g ab,cd 



8 < ?Uav\ Bb l b Mi\T i+)f> „ >< ^U,x\Bb)blb\b, 
-6 < ^U^Bb\b]b k b^ >< Tl^Bblblhb, 

-2 < r^jBkbjhb^^ >< ri )6X \Bb\b]b{b} 

+24 < r^lsfelT^ >< TJ.^lSfctftt^ 
-12 < Tf_ )<s#i |S6t 6 t| T(+) ^ >< T^Bb^bibj 
-12 < TJ.^lSMilT^ >< T\_ )6x \Bb\b)b{b n 
-6 < TJ.^lSfc^lT^ >< T\_ )6x \Bb{b n 
-6 < T^|5|T (+) ^ x T\_ )6> \Bblb{b n b m 
+18 < T^IB^-IT^ >< Tl_ )6x \Bb\b) 
-18 < T^lSfetft^T^ >< Tf.^lfl&Jfc 
+24 < T^|S|T (+) ^ x T^Bfe 



T (+)dA > 

T (+)dA > 
T (+)dA > 
T (+)dA > 
T (+)dA > 
T (+)d'A > 
T (+)rf'A > 
T (+)d'A > 
T (+)d'A > 
T (+)rf'A > 



-15 < T^|S|T (+) ^ >< Tl_ )6X \B\T (+)dx >j(51) 
We carry out now an SU(5) x U(l) decomposition of these and get 



< V 



w \Bb\b Ml \r {+) ^ >= ^{{lQT T n - or - n 



>3 
bn 
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k 

bn 



V 15 V 15 ^ ' ' 

V 15 V 15 ^ ' 

_pjfe«Tp P fAJ'p nMT + 5 k O nljT + ^p njfcT ") 7>P* 



/ o 1 

/ jklmriQpT -p jklmriQpT <p(S) 

y -^q -^ami' bnp ^J^2 ~^dmi' (, n p 

+ T + J_ ;Wmn Q T p 

10 V 2 ""^a* ftrrai 1 ]^Q W 2 ~^am' bni 




~QcmP djkl + 2cn i^j^dmkl ^k^dmlj ^l^dmjk) 

I Q 1 

V 10 jklmn 6 dp " r ^JT^jklmn^^c ' dp 

J=ejklrnnQ™S)6'l :> d }( 5 3) 



2V10 



2\/h 3 2^/5 j 20 ^ 3 3 > b 

— L (s l QT. - 5 l Q?) Vl + Q klmT V?.. 
20 ^ 3 3 ' b 

_l Q WT^ p? \ l Qljr^f 5 k V P _ 6 k V P \ 

2 p \ J bimn 1 bjmn/ 2 ^ bjmn J bvmnj 



_QklmT v . _./_U 
2g <" wry y -^ej a J mrei 



19 



\°j ^-ai °i ^aj °j ^di "I - °i ^dj J ' bran 

-J— Q lmT V k + J — Q kmT V l - 

V 15 a bmij V 15 ° bmij 

— Q™ nT ( S l V k - 5 l V h - 5 k V l - + S k V l - ) 

/gg -<-a \ w t bjmn 3 bimn i bjmn 1 J bimn J 

+1 (s l i Q k J nT - 8 k Q^) (^V imj - ^P [s)hm ^ 

+ \ (5\Q\s^ - ^Q(s)d) (ji V bmj ~ V {S)bm}j 



+ ^ klmQ J nV n \ (55) 



3 ^. mr ,T„ 1 



< Tf_ )dA |S6}6j6t6{|T (+)<(x >= i ]] ^e ijklm Qr T V dn + ^e^ m Q^ c T P dn 



+^e ijklm Q^V2\ (56) 



1 „;t z- 1 



_An T /pi - —5 i o T ,V k + -Q iklT V™ 
20 CJ d 20 J d 2 m djM 
1 1 1 

QklmTjyn x QiklT-pkl x QklTgyi 

~ Q 3 6n dklm ^/%Q i d ' v^30 ^ 

, ^9 QifeT-p , , ^3 « QklTj, , _ 3 / 3 i feT -p(5) 

30 30 J C M 2 V 5 dfej ' 
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4- 3 J 3 O ikT V- - 3 O ikT V {s) 4- 3 <? o MT -p (5) 
2 V h ^ S)6 dk i 2 ( s)6 ^ 2 j {s)6 dkl 



(57) 



< ^\-)c\\ B ^nKhhj\T >= i 



-O ikT V j - 
15 c dfe 



15^' 



r- 1 dk ~+~ ^ci ' . 



Mr 



ijklm 



1 



2^ m + 2\/^ e ^' m2 ^ 

^ ^ij Mm qtiT sp(S) 

— ckl dmn 



ckl dmn 



2V2 



(58) 



<r* { _ )6X \Bblb]blb n \r i+)dx >=i 



— O kT V ■ -J— O kT V - 4- O kT V l - 

-^ci dkj W ^ ~^cj dki 1 ~^cl dijk 



1 /3 
10 V 2 



" /-\klT'r>m 1 _^ I U r /-\knT<r>lm 

ml/ ^ijklm^i ' J t" „ A/ ^^ijklm^c 1 dn 



1 / 3 

2 V K) 
1 



2^ 



e «fcImQ^^^ (59) 
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Mi2Q^ + ^sr^ + 6Q;^ 



(60) 



where 



, (210) _ , (210) (210) (210) 
ab,cd ab cd z 



~(210) ^(-0)^(210) _ ^ 



M 



(210) 



^(210) + ^(210)^ 



pic, 
ZZ' z' 

(210) NTT" 1 



(61) 



5.4 The (144 x 144) 10 (144 x 144) 10 couplings 

Here we consider the quartic interactions that arise from mediation by the 10 plet 
of Higgs. We begin by considering the superpotential 



W (io)' 



7 < 10 ) ^ 



-(10) 



+^r< T (-^i^i T (-^>C^ 
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Elimination of the <& v u as a superheavy field using the F-flatness condition 

5W (io)' 



<9$ 



= o 



vU 



(63) 



leads to the quartic interaction generated by 10 mediation. 



(144X144) 10 (144X144) 10 

W = 2A,, < T 

ao,ca 
. (10) 



(+)d f i\BT p \T (+) ( )ti >< T\ +)6u \BY P \T {+)du > 

§C < T h^\ T ( + )h >< T ( + )^i^ii T ( +) ^ > 

i^l^/l^d, - ^mnP^P^Pr) (64) 



where 



and 



^(10)(+) _ ^(10)(+) (10)(+) (10) 



.M (10) {M (10) ^ (10) - 1} 



uw w 



(10) 



A* 



(10) 



M m + (M m ) 



(65) 
(66) 



5.5 The (144 x 144) 10 (144 x 144) 10 couplings 

An analysis similar to the above gives in this case the following 



W 



(144xl44) 10 (144xl44) 10 



= 2X T,cd < T (-)a^l 5r pl T (-)6 M >< T (-)cJ 5r pl T (-)dV > 



^Zd < V-)JBh\r ( _ )bu >< r* ( _ )6 „\Bb\\r ( „ > 



(-)d//|- L ' L 'i| 1 (-)6/x (-)ci/|- tJly i I x (-)dv 



where 



T (10)(+) r (10)(+)7(10)(+) r (10) 

A,/ ,,- = h,i h,< k 

ab,cd ao cd u 



M (w) {M m M m - 1} 



uw w 



(68) 



5.6 The (144 x 144) 10 (144 x 144) 10 couplings 

An analysis similar to above gives 



W 



( 144 x 144) 10 (144 X 144) 10 



db,cd 



Wr (+) k >< ri_ )6l/ \Bb\\r { _ )dv > 



-)dv > 



9fl (io)(+) /„ p t py n^n _ sp t p n iT n 

* U ab,cd \ 0r diu r t )l/ y *tcLi y *tdkjf J , ° r diu r bu^cn^ 



dfi 
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where 



_-pijT-pkl n T n , pijT-pfcZ n T n 

r av r bv x °tcklii x °ldijn^~ r av r bu^cikn^djlfj, 

_nijTpHQT q , ijklm-pT p qT q 

av bu^cilfi^djkfj, ' aiv bv^cjk/j,^dlm[i 

+^M m PrPlQ^Q^ (69) 



(io)(+) _ (io)(+)T(io)(+) , do) rj(io) t(io) , ?n x 
y d6,ai ~ n db n cd K u JVi UU' K u , l' U J 



Further details of the decomposition of the couplings generated by 10 mediation 
are given in Appendix A. 



5.7 The (144 x 144) 120 (144 x 144) 120 couplings 

We begin by considering the superpotenial 

w (120) ' = ^SV- + |C < ThJBr { „r p r x] \r {+) ^ > C^ vpXV 

Eliminating § up w using the F flatness condition 

,9W( 120 )' 

(72) 



we obtain 



(144xl44) 120 (144xl44) 120 1 



18 
1 



6b,6d ^ 1 (+)^\ nL W L P L ^ I -L (+)^ ^ i (+)cz,R i P 1 A] | 1 {+)d 



. (120) 



= —a; - 

ao,ca 



< T (+)d^l 5r ^ r p r A|^(+)6^ >< T (+)cz,l 5r ^ r p r A|T (+)d V > 

-28 < T^^jsr^iT^^ >< r^jBr^T^^ > 



i: " r < TU^BkbMr^ >< ri +)£u \Bblb}b{\r i+)du > 
-6 < r^jBkir^ >< ri +)6l/ \Bb\\r {+)du > 
+3 < r* {+)dp \Bb\\r i+)h >< Ti^Bbib^T {+)dv > 
+3 < ^JBkir^ >< r* {+)6u \Bb\b%\r {+)d „ > 
+3 < ^ +) JBb\b]b k \T {+)h x ri +)6u \Bbib t b,\r [+)d „ > 



_ 8^(120)(-) 
2 db,cd 



_ApT p pijTp 4 pT p pijTp 

-TUjklm^dn r bfj, 6nl/ dv 
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where 



(120)(-) _ (120)(-) (120)(-) (120) 
db,6d db cd V 



~(120) { >M (-)^(-)_ 1 } 



fc( 120) 

vv v 



and 



(120) 



.,(120) /. .(120)\ r 

+ [M J 



i -i 



(74) 
(75) 



5.8 The (144 x 144) 120 (144 x 144) 120 couplings 

An analysis similar to the above gives 



W 



(144xl44) 12() (144xl44) 120 



= izKhM < T (-)d M l 5r ^ r p r A]|T ( _)^ >< T* { _ )&v \BT [v T p T x] \T^ )dv > 



where 



18 

1 ^(120) 
db,6d 



< T (-)d At l- Br ^ r p r A|^ ( _)6 M >< T^_ )& ,\Br v r p Tx\T^_^ > 
-28 < T^^jSr^lT^ >< T* { _ )6u \Br u \T { _ )dv > 



0^(120) 
g ab,cd 



X 



Tl_ )6v \Bb\b]b\\T 



{-)du 



> 



-6 < T^|^|T ( _^ >< TJ_ )6/ |S6j|T ( 
+3 < T^a&tlT^ >< T^lSftt^MT^ > 

-)du > 



S^(120)(-) 
g db,cd 



(-)c 



'difi^bj^^cv 



dfi^bi/i^cu 



^(120)(-) _ ^(120)(-)^(120)(-)^(120) 
db,cd d& cd V 



~(120) { -M (-)^(-)_ 1 j 



vv w 



(120) 



(77) 



(76) 



5.9 The (144 x 144) 120 (144 x 144) 120 couplings 

Starting with cubic couplings involving the 120-plet of fields and following the 
same procedure as above one gets the following 



(144xl44) 12() (144xl44) 120 1 (12()) 

w = -j-Akld < T ( + )J B ^ p r x] \r {+) ; >< ri )6u \BT [u T p T x] \r ( _ Uu > 



18 

L# (i20) 

^g db,cd 
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-28 < r; +)a jar„|T (+) k >< Tf_ )6/ |Sr„|T 



(-)*/ 



> 



_4^(120) 

g dft,cd 



-6 < Tfo^lBklT^ X Tf_ )6/ |S6j 
+3 < Tf +) ^|S6j|T (+) ^ >< TJ.^lSftt^ 
+3 < T {+w \Bbi\r {+)ill >< Tl )6u \Bblb% 
+3 < T* +) a»\Bbtb%\r {+)i)ix >< T\_ )6v \Bblb t b 3 
+ < Tf_)J£^|T ( _ )fc , >< ^)6,\Bb\b)b\ 
-6<Tf_ )to |56i|T ( _ )fc/ ><Tf +) ^|S6j 



+3 < T 



(-)di/ 



+3 < Tf_ } JS^T^ >< Tf +)4l 



-)di> 
-)dV 
-)dV 
-)dV 
+)d/u 
+)d'/i 
+)d'/i 



-)d/i 



> 



> 



> 



> 



> 



> 



> 



> 



+3 < TkJB&T&J&fclT 



(+)d> 



> 



4 (120)(-) 
2 db,cd 



4PV T P Ql O -4PT. P C^ T CK 



opyTp<;l n T n 



cijfi^dp, 

~ ^P/i/ P^Qcij^Qd'fc^ ~~ OA dz/ A bu^cjkn^idiln 
+ £ijklmP& u -P^Qc^tQ^ ~~ J Pdi/PfewQcjfe/iQd'im/i 

_ 4P T pij Q/ ; l Q , 



where 



„(120)(-) _ (120)(-) 7(120)(-) (120) —(120)^(120) 

U db,6d ~ n db n 6d K v JVi VV lK u , 



(79) 



The SU(5) x U(l) decomposition of the quartic couplings can be carried out using 
the results given in Appendix B. 



5.10 The (144 x 144)^(144 x 144) 126 couplings 

Here we begin by considering the superpotential 

\A/(126,126) = -§ V poMwM. t ww i 'fpwAW 
+ ^| /l d6 6) < T (+)d M l jBF ^ r p r ^ r A r '?]l T (+)6 M > C 6)$ ^^W 

+ ^|^d6 6> < T (-)d^|- Br [^ r p r ^ r Ar^]|'^(-)6 iU > ^/^z/paAtfW 



(80) 
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Eliminating ^ U paMW, &v P a\#w through the F flatness conditions 



5W (126,126)' 

gives the quartic interaction below 



= 0, 



Q W (126,126)' 



= 



w 



(144x144)— (144xl44) 126 



where 



and 



I (126,126) 



2 (126,126 



X < T (-)crl 5r [^ r p r CT r Ar^]|T ( _ )(fr > 



(126,126)(+) 



2P T OT Q « - 2P T PV OT Q , 



3 u ,q, ! ,q: 



"^Paj^P^Qc^ Q^v + ^P^P^Q^QdV 



_2P yl P O 1 O - +P y P O 1 O- 

d/i bkp^cijv^idi/ ' dp bj p^ciku^&dv 
^ UIr d/i r bp^ciju^dklu ovr dp r bp^cikv^djlv 



^ yjr d/i r bp^cilu^djku ' ^ r dp r bip^cjku^ 



'djk 



dp bip^cjl 



"dlmu 



+^ijklmP dp ^bpQcvQdu 



(126,126)(+) _ (126)(+)t;(126)(+) 7(126) :Q(126,126) ,(126) 

K db,cd - n db n 6d K w JVl WW> K w , 



r~;(126,126) / , .(126,126) 

M = [M 



M 



(126,126) 



M 



(126,126) 



-1 



2 • 1 



5.11 The (144 x 144)^(16 x 16) 126 couplings 

The analysis here follows a very similar approach as above and one gets 



W 



(144X144)— (16X16) 126 



(126,126) 



7200 &b > 6d 



2 (126,126)(+) 
db,cd 



(+)dp\ B TwFpT a T x T, &] \T( +)(ifi > 



x <^l )6 \BT [u T p T a T x T^ { _ )d 



> 



2PlP^NjN, - 2PJ M PV NJN^. 
+2P5„P^NfNj + 48P a T ,P^NjNj 



dp ^ bkpJ^ cijN d + P<4 ^ftj/i^cifc^d 

+6P^ T P^N^N - 30P^ T P^N^,N 



ap 



bp cij dkl 



ap 



bp cik 1 -^ djl 



^ yr dp r bp, 6il djk^ zt r dp r bip^cjk^dlm 
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where 



(126,126)(+) (126)(+) j(126)(+) y(126) —(126,126) (126) , . 

Sab,cd =h ab fed L M WW k w , (86) 

Further decomposition in the SU(5) x U(l) basis can be carried out using the 
results in Appendix C. 



6 Matter- Higgs Couplings 

In this section we evaluate the quartic couplings involving two semi-spinors of 
matter fields, i.e., the 16 plets of matter fields and two vector-spinor fields. We 
will utilize the analysis of Sec. (4) to compute these quartic couplings. Thus the 
couplings would arise by mediation from 10, 120 and 126 + 126 between the matter 
sector and the Higgs sector. We discuss now these computations in detail below. 

6.1 The (16 x 16) 10 (144 x 144) 10 couplings 

For the computation of the (16 x 16) 10 (l44 x 144^ couplings arising from the 
10 mediation we consider the superpotential 

w (10) " = l^uMZ^w + C < T^|sr„|T (+) ^ > C® vU 

+f™ < *( + )J*r,,|tt (+)6 > 1™* M + h% < Tf_ )<s#l |sr„|T ( _^ > (87) 

Eliminating <& v u using F flatness condition we get 



W 



(16xl6) 10 (144xl44) 10 



.(10) 



= - 2 Qm < *( +) 4l*r„|% )fi >< ri +)6u \r p \r (+)d „ > 



.(10) 



< ^ {+)d \Bb^ i+) i >< T* [+)&u \Bb\\T {+)du > 



^^ab,cd 

+ < *f +)4 |B6!|* (+) j >< ^ {+) jBh\T {+)dv > 
= <T (^M-MVP^Pj; - 8M-MVP^P^ 



d/i 



where 



and 



-u(10)(+) _ „(10)(+) , (10)(+) (10) ~(10) (10) 

^db,cd -Jab n 6d L u JVl UU'\ f 



M = 



M m + (M {10) ) 



(89) 
(90) 
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6.2 The (16 x 16) 10 (144 x 144) 10 couplings 

An analysis similar to the above gives 

(16xl6) 10 (144xl44) 10 



w 



where 



-K 



(10) 
b.ct 

(10) 
ab,cd 



<%l^l* (+) i><T H& 



<„\Bb\\r 



(-)dv 
{-)dv 



> 



- 2 Q +) (SMTMf Q^Q^ - 8M-M,Q-Q^ 

-M^ T Mf Q^Q^ + ^ Mm Mj,M 6 QT. fe/1 Q dW 

+eyH m Mj" T Mj , Qg r Q 4 ) (91) 



.(10)( + ) 
jfi b r rl 



x (10)(+)t(10)(+) .(10) ~(10) =-(10) 



*ab,cd J db cd u MM u' 

(92) 

To obtain the reduction of the results of Sees. (6.1) and (6.2) in the SU(5) x U(l) 
basis we use the results of Appendix.A. 



6.3 The (16 x 16) 120 (144 x 144) 120 couplings 

Here we begin by considering the superpotential 



W (120) " = \* v *vM™.*^ v . + |C 0) < ^\BT w T p T x] \T {+) ^ > k™* vpXV 



1 



3!' 

- (120) 



+iiKr < V-)d,\BT [l/ T p T x] |T ( _^ > C°^^(93) 



3! 

Eliminating Q vp xv by the F flatness condition we get 



W 



(16X16) 120 (144X144) 120 



.(120) 



"ig&i < *( + )al Sr [^]l*( + )^ >< T h6u\BT [u T p T x] \T (+)du > 



= ~ T /Zl [< ^M^WM^ >< ^\BY u Y p Y x \T (+)dv > 
-28 < *i +)d \BT v \* wt >< T\ +)6v \BV v \T {+)dv > 

= -jj© [< WAI* (+) 4 >< r* +)6u \Bblb]b{\T {+ ^ > 
-6 < *; +) j5fc|¥ (+)4 >< ?* {+)6l/ \Bb\\r {+)du > 
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+3 < ** (+)a \Bbl\V {+)i) >< Tt +)a ,\Bb%bi\r 



(+)du 



> 



+)du > 

+3 < *\ +)a \Bb\b)b k \* >< Tl +)6u \Bb\hb 3 \T {+)dv > 
+ < T? +) Jflfc&AlT^ >< *; + ^|S6t6j6l|* (+) j > 
-6 < TJ +) JB^T^ >< ** +)6 \Bbl\* {+)d > 
+3 < Tf +) Jfl&t| T(+)fii , >< y* {+)6 \Bbib n b t \y {+)d > 
+3 < T^jBhlT^ >< ^ {+)6 \Bb\b{b n \^ > 
+3 < Tl +) jBb\b)b k \T >< mi +)6 \Bb\hfi 3 \m > 



4 (120)(-) 
o^ab,cd 



4MTM 6 .P^fP dV + 4M^ T MjP^P^ 

-4MjM^Pg T P ( i 7 , - 4MrM 6 .PXP^ 



where 



and 



(120)(-) _ (120)(-) (120)(-) (120) ~(120) (120) 
Sd6,cd A cd V • M ^' fc ,. 



cd V 



v-' 



(120) 



M + [M J 



(95) 
(96) 



6.4 The (16 x 16) 120 (144 x 144) 120 couplings 

An analysis similar to the above gives 



W 



(16xl6) 120 (144xl44) 120 



-7*<Z < *«J sr [" r p r A]l*( + )6 >< ^U^BT W T p T x] \T { _ )du > 



18 
18 



-— C 

i o ^ab,cd 



< ^ +)4 |Br„r p r A |* (+)j >< Tj_ )6/ |sr„r p r A |T H(t/ > 



-28 < *f +) j5r w |* (+)j >< Tj.^isr.ir^ > 



4 (120) 

g ^>ab,cd 



< >< Tf_ )6/ |S6t 6 t 6 t 

-6 < ^ +)4 |S6i|* (+)4 >< Tf_ )6/ |B6j 
+3 < *J +)4 |S6j|* (+)4 >< Tl )£u \Bb%b t 
+3 < *J +)4 |S6i|* (+) g >< T\_ )6v \Bb\b{b n 
+3 < *f +)4 |S6j6j6 fc |* (+)i >< Tl^lBblhbj 



-)di/ 
-)dV 
-)dV 
-)dv 



> 



> 



> 



> 



^M^(- ) bX<^ + )6\Bblb}b{\^ {+)d > 



6 < TJ_ )to |B6i|T 



(-)h/ 



><% )<s |fl&t|* 



(+)<* 



> 
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where 



+3 < T\_ )&u \Bb\\T ( _ )hu >< *i +)£ \Bb%bi\* {+)d > 
+3 < T^jBb^T >< *\ +)& \Bb\b{b n \* {+)d > 
+3 < Tf_ )4v |B6l6j6 fc |T ( _ )fc/ >< ^ {+)6 \Bb\b % b^ {+)d > 

-4MV T Mf Q^Q^ - 8MV T Mf Qj fe/1 Q^ 
+8MjM^QT + 4MTMf Q 



3 



(120)(-) (120)(-)7(120)(-) (120) ~(120) 7 (120) 

^ l u M vv ,k v , (98) 

Further reduction of the above to the SU(5) x f/(l) basis can be achieved by using 
Appendix B. 

6.5 The (16 x 16)^(144 x 144) 126 couplings 

Finally we consider the matter-Higgs couplings via 126 + 126 mediation. Here we 
begin by considering the superpotential 



yy(126,126) _ -<& v ^ X q W Mww' '^WAtfW' 



Eliminating 5v pCT Ai?w> &u P a\&w, by use of F flatness gives 



(99) 



W 



(16x16)-— j.(144xl44) 126 



7200 



2 (126,126) r 

15 " 



1 <~ @ab,6d 



x < T (-)^l 5r [^ r P r CT r Ar^|T ( _ )(iM > 
smTm^q^ - 2MjMVQTQ^ J> 
+2MT.M 6 .Q JQ^ + 48MjM k QT Q* 



-2M?" T M to Qj, > Qj i + MfM^Q^Q 



bj^tcikn^dn 
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+9M^ T Mf O + 2e^MjM 6i Q* Q A 



where 



+26^ m MrMfQTCT 

(126,126) ,,(126) -j- (126) j (126) J~J (126,126) ,(126) 



and 



(126,126) 



M 



db.cd 



(126,126) 



d6 ft cd ft w M )W 'w' 



(126,126) \ 



I 



M 



(126,126) 



-21 



(100) 
(101) 

(102) 



A further reduction of the quartic interactions to the SU(5) x U(l) basis can be 
achieved by use of Appendix C. 



7 The Gauge Couplings of Vector-Spinors 



In this section we compute the interactions of the 144 and 144 with gauge tensors 
1 and 45. 

7.1 The 144* x 144 x 1 couplings 

These couplings are given by 

L& = g% < T (+) ^| 7 V|T (+)6/1 > <S> Ap * (103) 

where ^ A {A,B = - 3) spans the Clifford algebra associated with the Lorentz 
group. An explicit analysis in the SU(5) x U(l) basis gives 



(i) 
-++ 



(i) f 
hi { 



6ij 1 2 m i 



9 „A' 



2 



(104) 



7.2 The 144^ x 144 x 1 couplings 

These couplings are given by 
L 



(i) 



_(i) 



An explicit analysis in the 577(5) x C/(l) basis gives 



> $ 



Apex 



(105) 



(i) 



_(d r 

?d6 ( 



1 7-f(5). 



Q\H A Qu + \Q^ A Ql + ^ ]k i A &t 



(106) 
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7.3 The 144^ x 144 x 45 couplings 

These couplings are defined by 



(45) 



1 1 



(45) 



-++ - ~y 9 ^ < t (+)«mI7 7 A S P(T |T (+) ^ > <f> Apa 
An expansion in the SU(5) x U(l) basis using the Basic Theorem gives 



(107) 



I (45) _ («) 

L ++ - 9&i> 



1 1 9 

V k ^i A V l - m A v l -^ A V r - n A v h 

_V2 al bk VlO a b VTB 



+ 



JLjp lk ^ A V^ A- —V klm ^y A V^ 
a 1 bk^ an I 1 bk 



1 1 1 Fi 

20^3 ife Sv 7 !^ ™ 6ij7c 4V 5 j bnfe 

1 aijl I fe„ fc J ^i«m 
(7 ^bkm ^ Jk'P anl 



1 1 9 I 

4- T 4 ^ _^,,^T>- 4- V k ,^ A V- A- —V k ^ A V'! 

^ alm ' bfc v /|q fem ^[5 ' all ' bkm ' ^ an ^ I 

l_ e .. tJ fV^+ 1 e ..., #VF + -J-e - w p n r, A V^ k 

20^ 3VT0 4 V 5 3 d bn 

I9 n 



in 

bklm 



Glm 
A 



+ 



V2 am v 7 !^ " 6M a 6iM 15 a 



15^2 a ^ 

10 fo fci y 10 (5 



> 3 >y A V k 
ak I ' bi 



G A, 



The barred matter fields are defined so that = 

7.4 The 144* x 144 x 45 couplings 

These gauge couplings are defined by 



(108) 



Pf V, etc.. 



I ( 45 ) 1 1 - (45) ^ T \ Asr T rT- 

L -- = J2j^ < T ( _)^| 7 7 S pCT |T ( _ } ^ > 



(109) 
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An analysis in the SU(5) x U(l) basis using the Basic Theorem gives 



(45) 



_(45) 

hi, 



21 



Qaijl Q 



Q {S .U A Q lJ , - 



G A 



1 
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gv.-yW* 

6^ ' w 



v/2 
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A f^klm 
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20^/3 



1 1 F\ 
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Mm 
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Qdm^Qu + -J^Qakml A Q\i + ^L^L 



, 1 ijklmQ(S) ' Aqu 
1 -^-n 



bij 
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20V3 



+^e ijMm Q l d k n 'y A Q m 
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Glm 
A 



+ 



1 QS7 A Q k + 



10^ 64 

—Q m , n A Q jkl + —g,, n A g jkl + J_a!.,,yW + 17 o,,/^ 

^^aikll ^bm^ v /l5^ aA;n "^i ^/TE b 15^2 6 



10 

3 



>Aj 



(110) 



The above concludes our analysis of the interactions of the vector-spinors with 
Higgs multiplets in tensor representations, self-couplings of the vector-spinors, and 
of the couplings of the vector-spinors with the matter in the spinor 16-plet repre- 
sentations. These couplings are of considerable value in the analysis of spontaneous 
breaking of the SO(10)gauge symmetry, in the analysis of proton life time, and in 
the analysis of quark-lepton textures and in the study of neutrino masses. In the 
next section we give few illustrative examples of the utility of the couplings for 
these analyses. 
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8 Use of Vector-Spinor Couplings in Model Build- 
ing 



In this section we illustrate to the reader the use of vector-spinor couplings for 
further development of SO (10) model building discussed in Ref.[3]. In particular, 
we discuss the breaking of SO (10) group down to the Standard Model group, 
doublet-triplet splitting, mass growth of quarks and leptons, and baryon and lepton 
violating dimension five operators. 

In Ref.[3] it was shown that breaking of SO(10) to the Standard Model gauge 
group can be accomplished in one step. In the following we give a simpler illus- 
tration of how this comes about. This simpler example includes in superpotential 
a masss term for 144 x 144 and interaction terms mediated by 45 and 210 and is 
given by 



The terms that contribute to one step breaking of GUT symmetry: 50(10) — > 




(111) 



Explicit forms of these couplings are 




(112) 



8.1 One step breaking of SO(10) GUT symmetry 



SU(3) C x SU(2) L x U(1) Y are 



(113) 



where 




«2 = JJJ (-4A 45 - A 2 io) 



(114) 
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For symmetry breaking we invoke the following vacuum expectation values (VEV's) 
< Q) >= Q diag(2, 2, 2, -3, -3), <V}>=pdiag(2,2,2,-3,-3) (115) 
and together with the minimization of W GS , we find 



MM' 
qp 



= 116A 4 5 + 4A 2 i 



(116) 



The D-flatness condition < 144 >=< 144 > gives q — p. With the above VEV, 
spontaneous breaking of SO (10) occurs down to the Standard Model group. 

8.2 Doublet triplet splitting 

As discussed in Ref.[3]in the scenario with one step breaking of SO(10) both Higgs 
doublets and the Higgs triplets will be heavy. However, it is possible to get a pair 
of light Higgs doublets by fine tuning, a procedure which is justified in the context 
of landscape scenarios as discussed in Ref. [3]. Here we illustrate this explicitly 
for the case of the superpotential of Eq.(lll). To this end we collect the relevant 
terms using mixed 50(10) and SU(5) indices: 

\n dt = m (q m p, - ^p?) + ^ (8q;p jm q^p^ + q;p v Q^pf 

+6Q M P M QtP„) + ^ (-l%P jlt Qik*P* - lotPirQikvP* 



2 Q/i-FVQyPiv 



when expanded in purely SU(5) indices, we get, 



M + -L ( 6 A 45 - 1a 210 j . -q;» >< P» > 



Q,P* + QT, 



;ii7) 



8 A 

_- 210 < (Y >< p m > n pj 

3 M' 3 



1m + ± 

2 M' 



A 45 - g A 2 io ) < Qn >< P n m > 



+ 



1 

M 7 



A45 — 77A210 
o 



< >< PJ» > 



Qii - \ (tf Qi - Qi) 
P?" - 7 (4P J - ^P' 



(118) 



Note that in addition to the pairs of doublets: (Q Q , P Q ), (Q Q , P Q ) (a, (3, 7 = 
4, 5) and pairs of triplets: (Q a , P a ), (Q a , P a ) (a, 6, c = 1, 2, 3) there are also pairs 
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of SU{2) doublets and SU(3)c triplets and anti-triplets that reside in Q^- and P^ . 
We denote them by (Q a , P a ), (Q a , P a ), (Q a , P a ). These can be decomposed as 
follows 

Qb _ r\l3 _ r\ -pba _ -p/3a _ pa 
ba — ^/3a — Wqi r 6 ~ r $ ~ r 

Qb _ f\/3 _ 7< -pba _ p/3a _ pa 
ba — *°i/3a — *4a, b ~ r ~ r 

Qt* = QL + pr = pr+^p°, ql = o = p^ 

Qa 7~\a ^ X Q rV r>a& ficta ^ A a "D a O q fl "Dab 
/3a — ^/3a - 2 °/3^ a ' " ~~ P ~ 2 $ ' 6 ~~ Q 

Qbc = Qlc + \ (Wc - m b ) , Pf = pf + 1 (5 c a p b - 5 c b p a ) , Q a ab = o = Pf 

Q^ 7 = Q% t + - <^Q 7 ) , Pf = Pf + (<P° - <J?P/,) , Qa/3 = = Pf 

Q^ = e a/3 Q a , Pf = e^P a (119) 

The kinetic energy of the 45 and 45 fields is given by 

-d A Qt%d A Q\j - d A nd A T>f = -d A Q a d A Qt - d A Q a d A Ql - d A Q a d A Q a ^ 

-d A V a d A V a] - d A V a d A V a] - d A V a d A Vl - .... (120) 

so that the doublet and triplet fields are normalized according to 

pa = lji pa ' pa = ] jl pa > Pa = i/f a (121) 

The mass matrix of the Higgs doublets is given by 



M 

f fr(8A45 




,-666 a 273 a \ 



A210) 



1 v¥ "sf( 8A - 4 



A210) 



r(-37A 45 + t-Azio) 






M+ |i(180A 45 - IOA210). 



(122) 



where the columns are labelled by (Q a , Q a ^a) and rows by (V a ,V a , Q a ). The 
triplet mass matrix in the basis where the columns are labelled by (Q a , Q a , V a , V a ) 
and rows by (V a , V a ,Q a ,Q a ) is given by 



I (if Ki a 257 a \ 

(— A45 - — A210) 



P 

M 7 

|i(8A 45 - |A 2 io) 





f ^(8A 45 - |A 2 io) 

M + W(" 16A 45 -2A210) 






M ■ 






|^(180A 4 5 




IOA210) 







-iM+|i(-42A45+A2io)J 



(123) 
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It is clear from the above Higgs mass matrices that one needs to diagonalize 
in the Higgs doublet sub-sectors (Q a5 ^ a ) an d (Q a ,'P a ) an d in the Higgs triplet 
subsectors (Q a ,V a ) and (Q a ,V a ). After, diagonalization we have the following 
pairs of doublets and triplets: 



Di: (Q a ,V a ), 
D 2 : (Q' a ,V' a ), 
D 3 : (Q' a ,V' a ), 



Ti: (Q a ,V a ) 
T 2 : (Q' a ,V' a ) 
T 3 : (Q' a ,V' a ) 

T 4 : (Q a ,V a ) 



(124) 



The prime fields above are expressed in terms of the original ones through the 
following transformation matrices 

lQ' a ,V' a )] r costfj sintfjl \(Qa,V a 
— sin^T cosi?tJ l(Qa,'P a 



XQ!a,V' a ) 



cos??d sin-^D 
- sin cos i?d 



(Q Q ,P Q ) 



where 

tan $t 
and that 



^ ( t 2 + vV + 1 3 2 
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A 1673 A 

A45 H — T7-A210 
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1 /15 p 



d 3 = -W— 4^7 8A 



4-45 



2 

-A 210 



ti = — -M + — ( : ^A 45 - — A 2 io 
15 M' ^ 1 ' 
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19 P 
M + — 

15 AT 



2 M' 

616 A 287 

— A 45 

5 15 

776 227 
A45 + -r^A 2 io 



5 

10 p 2 

^m 7 



15 



8A45 — -A210 



The mass eigenvalues are found to be 

1 

'D 2 ,D 3 - 7^ 

M T2 



Mr 



di ± Vd 2 2 + d 3 2 



Ta = \ (tl ± + t 3 2 ) 



(125) 

(126) 



(127) 



'1281 



(129) 
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and of course 

v 2 

M Dl = M Tl = M+j^ (I8OA45 - IOA210) 

M T4 = -\m + ^ (-42A45 + A210) (130) 

As an illustration we discuss in further detail the implication of the massless- 
ness condition for the doublet D 2 . Here the condition M D2 = together with the 
symmetry breaking condition, Eq. (116) gives a relationship among the parameters 
A 45 and A 2 io 

/539 A 1579 . \ 2 / 1489 . 1409 . \ 2 15 / . 2 A \ 2 01 , 
(— A 45 - — A 210 ) = A 45 + — A 210 ) + — (8A 45 - -A 210 ) (131) 

The two roots to the equations above are 

A 21 o^7.4A 45 , A 210 « -37.2A 45 (132) 

Using the roots above the full doublet-triplet Higgs mass spectrum can now be 
computed. The results are summarized in the Table below. 



Massless Doublet D 2 . and Mt are in units of M = jph.^ 



M 
M 


A210 
A45 








M T2 


M Ta 


M T4 


145.6 


7.4 


251.6 


-87.0 


251.6 


99.8 


127.9 


92.6 


-32.8 


-37.2 


519.0 


1086 


519.0 


757.7 


78.8 


137.2 



8.3 Quark, lepton and neutrino masses 

As pointed out in Ref. [3] the quark, lepton and neutrino masses can arise from the 
quartic couplings involving two 16-plets of matter and two 144-plet of Higgs fields. 
Cubic Yukawa couplings arise when one of the two 144-plets is replaced by a VEV 
while mass terms arise when the remaining Higgs field in the cubic interaction 
develops a VEV. As an illustration of how this comes about in a concrete way we 
will consider the following quartic coupling for computing the masses of quarks and 
leptons: (16 x 16)i 20 (144 x 144) 120, (16 x 16) 120 (l44 x I44) 120 , (16 x 16)i26(144 x 
144)i26- However, this subsection is to be treated as an independent one. That is 
we do not make use of the results of the previous subsections here. 

The relevant terms in Eqs. (94), (97) and (100) that gives mass growth to 
quarks and leptons are 



,(120) _ J120)(-) 
mass ~ ?df>,cd 



dx 
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and 
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(133) 



(126,126) (126,126)(+) 
W_.__. = Q. 
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- db.cd 
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+— M T M ; -. Q j ; T Q^ + 16 M T IVL Qt T Q, 

^ g a bi "*^c ^dj ^ 15 

For completeness we identify the Standard Model particles as follows: 

M d = u c Ld ; M da = B c Ldal Mf = e a ^V c Ldv M a4 = E~ Ld 

M^ Q = D?,; Mf 



M 



4a 



u 



Lai 



M a5 = z^ La ; 



La) 



E Ld 



(134) 



(135) 



where a, /3, 7 = 1,2,3 are color indices and the superscript c denotes charge con- 
jugation. We adopt the convention that all particles are left handed(L). 

We now single out the terms that are candidates for Majorana and Dirac neu- 
trinos, Type II see-saw mechanism, down-type and up-type quarks and charged 
leptons. 



Candidates for Majorana Neutrinos: 

16 



M a M/ 



15^5 



(126,126)(+) 
@ab,cd 



c-^di 



(136) 



Candidates for Dirac Neutrinos: 



M di Mb 



(120)(-) 



3\/5 Wd 
+ 



V J 6 Vi + 

c dj 



16 (120)(-) 
3 ^ab,cd 



32 (126,126)(+) 16 A (120)(-) 
g @ab,cd 3 ^ab,cd 



' ck' dj 



(137) 
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Candidates for Type II See- Saw Mechanism: 



32 (120K-) 



^db.cd 



(138) 



Candidates for Down-type Quarks and Charged Leptons: 



+M2fM to 



+ 



V5 



I (126,126)(+) 



_ 16 (120)(-) 
g ^>ab,cd 



>(120)(-) 



15VE" 6 *' 6 * &b,6d 

2 (126,126)(+) 16 (120)(-) 



V-V- 
' ci' dk 



^abjCd 

4 (126,126)(+) 

15v / 5^ ,<5d ' 



16 (120)(-) 
T~ - ^di 



+ 



4 (126,126)(+) 16 (120)(-) 

i f @ab,cd o A 



15 



3\/5 db '^ 

g ^db,cd 



(139) 



Candidates for Up-type Quarks: 

+^ m MrMf{[leiS- ) 



4 (126,126)(+) 4 (120)(-) 
@db cd ^~ o ^>dh 



15 



^db.cd 



Q n ,Q 



4 (120)(-) 
^ab,cd 



3^5 



dn 



v. V™ 

' cn' d 



(140) 



Next we identify the SU(3) C x ^(l) em conserving VEV's: 




< Q*j5 > 



dmp(2,2,2,-3,-3) 



4? - ^ 



^ 4 



To make further progress, we define the following mass parameters 



iq /2>( 12 °)(- 

^ = 13 V 3 W 



a 



(120) 
1 db 
(120) 
3 d& 
(126) 

2 dfe 



< Qc5 > Qj, 



5 dft,cd 

n _(126,126)(+) 



« (120) = 
2 d& 

a (126) = 

1 d6 



(141) 



ioTe^dfe.cd < > Qd 



8 .(120)(-) - 
11 (126,126)(+) 

5\/5 @ab,cd 



< Qc5 > qj 



<C = -uST < d > «. 



a 



,I20> - s^Q-' < n > ps 



3 db 



a (120) = 

"2 dfc 
fl (126) _ 

db 



8_ /«e (120)( - ) 

^ VD Wd 

— 32 (126,126)(+) 
5 "db,cd 



<n>Pd 
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We now compute the down quark (M down ), charged lepton (M electron ), up quark 
(M up ), Dirac neutrino (M D%rac ^) ; RR type neutrino (M RR ) and LL type neutrino 
(M LL ) mass matrices in terms of the mass parameters defined above. 



where 



M* 

ab 



down 



ab 



- ^ + B) db 

fli rl ron _ { ^ J 35) 



ab 



A&b 



.52 1 2 2 3 



16 (126) 29 (126)' 

11 1 22 2 



ab 



(142) 



(143) 



B 



ab 



52 



-a 



(120) 



(120) 



+ n «l + 22 «2 



ab 



and for the up quark and Dirac neutrino masses one has 



M : 
ab 



M u l = 

ab 



Dirac v 



4 120) 



4 12 0) + 4 120) + 



ab 



(120) 



,(120) 



+ ^4 120) + ^ 



1 



3 ° 3 

Majorana masses of RR and LL type for the neutrinos is given by 



Mil 

ab 



RR 



16 (126,126)(+) ^ _ 



15^ 



-d5 



(144) 

(145) 
(146) 

(147) 



ab ix^ab,cd c d 



(148) 



For real model building one may now consider one at a time each of the doublets 
{Qaa ) 'P2) ) {Ql.Vaa)-, (QaaiV?) niassless and find the corresponding contribution 
to quark and lepton masses. 



8.4 Baryon and lepton number violating dimension five 
operators 

In supesymmetric theories with R parity the dominant proton decay arises from di- 
mension five operators[12, 13, 14]. Here we look for baryon and lepton number vio- 
lating dimension five operators in 1 (16 x 16) 10 (144 x 144) 10 , (16 x 16) 10 (ill x 144 

1 For a complete analysis see Ref.[4]. 
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and (16 x 16)^26(144 x 144)i26- We first collect all the terms from the three quartic 
couplings which contribute to baryon and lepton violating interactions. These are 



W = Mj"M 6i 



16£ (1 — ) 

^>ab,cd 



1 (126,126)(+) 8 (10)(+) 



Q6k <Q%> 



4 (126,126)(+) 
@db,cd 



+e ijklm M i iMf 



15^5 
4 



2 (126,126)(+) 1 fi /- (10)( + ) 
l^QabM + l ^db,cd 

4 (126,T26)(+) 

15 



C« < <& > + 



■< <~ @ab,cd 



Qa k < Q& >} 



Q - < Qa > 



(126,126)(+) .(10)(+) 



(10)(+) 



2"<2i>+ 2 &y <PL>V. 



1 

7H 



db,cd 



ST <n l >v-\ (149) 



Expanding and collecting the relevant terms and inserting the triplet mass terms 
responsible for proton decay we find 



+J (2)a V a + K? 2) Q a + M ( Q afia) Q a V a 
+J^V a + K {3)a Q a + M {QatPa) Q a V a 



(150) 



where we have defined 



J(l)a 
J(2)a = 



2_ (io)(+) 

2 (io)(+) 



TO 

J (3) 



(io)(+) 
db 



K a 



+ 



16 (10)(+) 2 (126,126)(+) 

16 (10)( + ) 2 (126,126)(+) 



K a — 
( 2 ) - 



+ 



2 .(io)(+) 
3^ 



2 / 2 (126,126)(+) 

15 V 3^ 



M d6 M 



M, Q Mf 



u(10)( + ) 



2 / 2 (126,126)(+) 



M db M 



b 



(3)o 



, >(!«)(+) , O (126,126)(+) 



-aijkl 



MVMf 

b 
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(126,126)(+) 



M da Mfe Q , 



(151) 



Integrating out the Higgs triplet fields in Eq.(150) and expanding the results in 
Standard Model particle states, we get 



W 



dim— 5 



= 128pg 



5M 



+ 



50 



(Qa,P a ) 



3M 



.(io)(+) Jio)(+) 
^ab ^ 



3 cd 



M 



(Q a ,Pa) 



c 



(10)(+) 

ab 



(126,126)(+) \ J10)(+) 



15 



(lb 



x 



e a6c U2 d D^ (E Z ,U^ + ^) + 2e^UL,E+ D^U 



Ldc 



16 



5M r 



+ 



3M, 



(10)(+) (126,126)(+) 
>nh ^ /■A 



-cd 



X 



(152) 



9 Conclusions 

In this paper we have given an analysis of the couplings of the 144 + 144 multiplets. 
This multiplet is interesting since it allows for the breaking of S0{1Q) symmetry 
in a single step down to the Standard Model gauge group symmetry SU(3)c x 
SU(2) L x U(1) Y - The 144 multiplet is a vector-spinor representation of ,50(10) 
with a constraint. The constraint is needed to reduce the components of the 
vector-spinor from 160 down to 144. These features make the analysis of the 
couplings of 144 and of 144 more complex than the couplings of ordinary spinors 
and tensor representations of SO(10). In this paper we have utilized the techniques 
of the basic theorem to compute a variety of couplings involving the constrained 
vector-spinors: cubic couplings involving vector-spinors and tensors, self-couplings 
of the vector-spinors, and couplings of the vector-spinors with the 16 and 16 spinor 
representations of SO (10). These couplings all enter in model building involving 
the spinors. Of course, the full set of couplings involving the vector-spinors are 
even larger, but these can also be computed using the techniques discussed here. 
We have also given illustrative examples of how Yukawa couplings, quark-lepton 
masses, and Dirac and Majorana neutrino masses arise from the couplings involving 
the 144 plet of Higgs. Finally we have exhibited how the baryon and lepton number 
violating interactions arise from the matter and 144 -plet couplings. It is hoped 
that the techniques and the results presented here will be helpful in further model 
building involving the vector-spinor representations. 



43 



ACKNOWLEDGEMENTS 



The analysis of this paper was motivated by the work of Refs. [3, 4] with Kaladi 
S. Babu and Ilia Gogoladze on the vector-spinor multiplet. It is a pleasure to 
acknowledge fruitful and illuminating communications with them on many aspects 
of the vector-spinor multiplet and its application for SO (10) model building. The 
work is supported in part by NSF grant PHY-0546568. 

10 Appendix A: Details of couplings from 10- 
plet mediation 

In this Appendix we expand the SO (10) coupling structures that enter in 10-plet 
mediation in Sees. (4,5,6) in a SU(5) x £7(1) basis. We list these structures below 



(!°)(+) pT p 



^cd 



_ ,(!(>)(+) 
cjv 1 du — n cd 



(153) 



, (10)(+) pHTpmn _ h (10 ^ 

11 cd t jklmn^6v r dv 'cd 



A V Vq^ V r _ 4 / A<pT ppq _ 

^' cr dpqj **V -j_5 ' cpq' dj 5 C dpj 



(154) 



h 

db 



r dv r bu 
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db 



1 

-e 
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ijpqrspsT jykl 



"I"!' ' bs 1 g C 



klpqr*pijTsps 

as bpqr 

1 1 
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12a/5 dpqr b 12y/E & hpqr 
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1 



+ 



Jjlpq<pT jyk 
1 dpq' (, 



1 



10^6 
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10^6 
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1 



MipqsTyjT 

In I i 



a bpq 



f kljpq<piT<p, 

ioVq d bpq 



i 1 
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dp bqr 



(155) 
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10 



2^' 
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T( 10 )(+) r^iT r\ 7 (!<>)(+) 



cd 



cd 



^Q j (s)cQdk + Q-ik Qj 



(157) 
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Q^jpqr^ds -^bkl "'" Q tkl P1 r ^aij 
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1 2 qr 
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efcZpgrQdiQ; 
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+ 
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ioVq 

1 
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1 
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11 Appendix B: Details of couplings from 120- 
plet mediation 

In this Appendix we expand the 50(10) coupling structures that enter in 120-plet 
mediation in Sees. (4,5,6) in a SU(5) x £7(1) basis. We list these structures below 
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12 Appendix C: Details of couplings from 126 + 126- 
plet mediation 



In this Appendix we expand the 50(10) coupling structures that enter in 126+126- 
plet mediation in Sees. (4,5,6) in a SU(5) x U(l) basis. We list these structures 
below 
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13 Appendix D: Field normalizations 

(a) Normalization of SU(5) components in 45-plet of SO(10) Higgs 

The 45-plet of S'O(IO) Higgs can be decomposed in SU (5) multiplets as follows 



C n Cn 



= h: $ C 7. = h] + -8 l M: $ cc . = h li : fc. = h i? - 



(187) 
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where h, h lJ , and h* are the 1-plet, 10-plet, 10-plet, and 24-plet representations 
of SU(5) respectively To normalize these SU(5) Higgs fields, we carry out a field 
redefinition, 

h = v / T0H; h lj = V2H ll ; h'' v^H'': h$ = V2H). (188) 

In terms of the normalized fields the kinetic energy of the 45 plet of Higgs 
-d A & )lu d A &j lu takes the form 

^tin Hi " S = ~d A Hd A rf - IdX-^Htft - I^H^'^H^ - d A H)d A Hf. (189) 



(b) Normalization of SU(5) components in 45-plet of 50 (10) gauge 
fields. 

The 45-plet of 50(10) gauge fields can be decomposed in SU(5) multiplets 
as follows 

®Ac n c n = gA\ §Ac- Cj = g Aj + ^<Jj-gAl ®Ac iCj = gl, $ 'Ac'c, = gAij (190) 

To normalize them we make the following redefinitions 

g A = 2V5G A ; g Aij = V2G Aij ; g l { = y/2G{- g% = V2G Aj . (191) 

In terms of the redefined fields the kinetic energy for the 45-plet which is given by 
— F ABy,v takes on the form 

I- 4 ,-"" = -\GabG ab * - ~G ABij G% - ~G ABi G j ABi (192) 

where T A „ is the 45 of 5O(10) field strength tensor. 



(c) Normalization of SU(5) components in 210-plet of 50(10) 

The 210-plet of 50(10) $^ pcr has the following decomposition in SU(5) multiplets 



^C m C m CnOn M ! ^ CiCjC k Cl ^^-Ijklm" ! ^QCjCfcC; "m 
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L i L j L m L m " 44 mtm J' i -i < -j'-m l -m 3 K 3 



<"Wi = ^% + \ (>X - sjM + sih] - «) + ^(sisi- 515!) h 

= hU + \ {5 l k K 3 - 5)Ku + 5%k) (193) 



where h, h\ hj, h iJ , h^, h*, h^ fe ; h % jH and are the 1-plet, 5-plet, 5-plet, 10-plet, 
10-plet, 24-plet, 40-plet, 40-plet, and 75-plet representations of SU(5) respectively. 
To normalize these fields we carry out a field redefinition 



h ij = V '2H ; ': Kj = V2H l3 ; h) = V2H) 

^ n jkh n kl — ^/g 1 



h?* = J-H?*; hj H = J-Hj H ; hg = -^Hg. (194) 



Now the kinetic energy for the 210 dimensional Higgs field is — nvp\d A ^ upX 
which in terms of the redefined fields takes the form 

-|^H^3X- fe " ^Hf t _ II^Hg^Hj?. (195) 

(d) Normalization of SU(5) components in 10-plet of £0(10) 

The 10-plet of 50(10) $ M can be decomposed in SU(5) components as follows 

$ 5i = h 4 ; $ Ci = W (196) 

The tensors are already in their irreducible form and one can identify $ Ci with 
the 5 plet of Higgs and $ Si with the 5 plet of Higgs. To normalize the fields we 
define 

K = i=H 4 ; W = ±=W (197) 
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Now the kinetic energy for the 10 dimensional Higgs field is —dA^^d A ^j l which in 
terms of the redefined fields takes the form 

lf- m " s = -^H^Hf - d A H l d A H l l (198) 



(e) Normalization of SU(5) components in 120-plet of 50(10) 

The 120-plet of 50(10) can be decomposed in SU(5) components as follows 



*&CiCjCk €^ him) ^CiCjCfe ^ijklirM j ^c n c n Ci ^ i^c n c n Ci (199) 

where hj, If, h^, h y , h^, h* fc are the 5, 5, 10, 10, 45 and 45 plet representations of 
SU(5). To normalize them we make the following redefinition of fields 

\/3 V3 k h 



4 12 



In terms of the redefined fields the kinetic energy term for the 120 multiplet which 
is given by — Oa^^x d A &^ uX takes on the form 

-i^H^Hj - <9 A H l 3 A H l t - a^H l( 9 A Hl (201) 



(f) Normalization of 577(5) components in 126 and 126 -plets of 50(10) 

To deal with the 126 and 126 -plets ^p Vp \ a and we first introduce the full 

252-dimensional tensor, E pu \ pa which can be be decomposed as ^ pu xpa=^fiuXpa+ 
^^uxpa, where 
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and where the Q^xpa is the 126 plet and $^Apo- is the 126 plet representation. 
The decomposition of these in SU (5) components is then given by 



-'Ci Cj cp. c n Cji i 1 'C{ Cj CfcC n c n ij k 



~'CiCnC n Cr,Cr) 5 1 1 Cj C n C n C v Cr> 



Cj Cj C^ C\ C m 



K kl + \ {siv kl - sty* + - sy jk ) 

+^ - <fch* - 5\5 k m W + fth j + h* - 6*8>y) 



J Cj CjC^.C^C m 



12 

l j , + 

2 

12 

^CiCjC k ClC m jh-ini 1 2 



"CiCjCfcCiC, = e J h, ^CiCjC h cic m — ^ijklrrM (203) 



The fields that appear above are not yet properly normalized. To normalize the 
fields we carry out a field redefinition so that 

2 2 Fl [2 

VIE Vl5 V5 V5 



• ijk 2 m 2 , 

n = Y H im , hy fc = Y — QjMmH 

hg,* = 4=H«f, h&=-l=H& (204) 



The kinetic energy for the 252 plet field — d^S^^d^S^ in terms of the nor- 
malized fields is then given by 
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-g^j^H^Hgf - JL^HgJ^Hg? (205) 

where H(H), H is H', H 4J , Hjf , Hfo, Hf , Hj fc , H% are the 1, 5, 5, 10,10, 
15, 15, 45, 45, 50, 50 plet representations of SU (5). 

14 Appendix E: A Simplification of Quartic Cou- 
plings 

The quartic couplings discussed in Sees. (5-6) are obtained by integrating out the 
intermediate fields which belong to the set of tensor representations 1, 45, 210, 10, 
120, 126 + 126. The analysis given in the paper is quite general allowing for an 
arbitrary number of such intermediate tensor set. The results, however, can be 
simplified if one assumes just a single tensor field for each term in the set listed 
above. In this case the couplings show a factorization. This case can be gotten 
from the analysis of the paper by the following simple algorithm of replacements 



■\h () h () ^h { ■ ) h { ■ ) 

db,cd 4 ' ab,cd 4 

A} , _^ 1 hb n cd . A] , _^ 1 jab n cd 

^db,cd 2 M ' ^®>M 2 M 
h () h {) h () h () 

q( \ , > db cd . pS'l / > _ db cd 

db,cd 2 J\y[ ' db,6d J\y[ 

f ( ' ) h i ' ) h () f <0 

_ db cd . ^'• ) _ db'' cd ( r >C\(\\ 

^ab,cd M. ' ab,6d M r UU i 

15 Appendix F: The Technique to Evaluate SO (10) 
Vector-Spinor Couplings 

In this Appendix we illustrate the technique to evaluate SO(10) vector-spinor 
couplings. For that purpose, we choose a simple example of the matrix element 
< T( + - )M |_B|T( + ) M >. Using Eqs. (5), (9) and (10) one can write 

5 

< T^|S|T (+)/i >= -*Q M P M < OIW3M1 H(b s - bt)\0 > 

s=l 
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*^Q.. M pP* < Q\ hmhlhk f[ {bs _ 6 t )6 t 6 t| > 
Z4 s=l 

_ « yWmQrpg < Q| 6r JJ^ _ fct^t^JjQ > (207) 

Z ^ 3 = 1 

Simplifying we get, 

< Tf +) jB|r (+)/l >= i [q m p m - iq^p; j + q;p?;] (208) 

Using the Basic Theorem we can expand the terms in Eq. (208) as 

Q^P^ = Qc^Pci + QciPci 

= Q^Pa, + QlP^ (209) 
Further, using Eq.(13) directly or the third equation in Eq.(203) 

Q M P M = Q P, + Q l P i (210) 

= sf«] = Q* + 1 - a?Q,-) = Q*j + \ ( 5 iQj - <?Qj (2ii) 

where in the last step we have used Eq.(16). Similarly, 

PI = + \ (V - ^P*) (212) 

Thus we have 

Qijc^l = Q^P^ + \Q t P l (213) 

where we have used the fact that Qf- and P^ are traceless tensors. Again using 
Eq.(13) directly or the fourth equation in Eq.(193) we can write 

C , o'lmn . r\lmn i f xnP\lm <rm7-\ln . r! f-\mn\ 

ijc k — a [ij]k — tijlmn&k ~ e ijlmn *4k g \^°fc ~ °fe + J 

£ijlmnQ,k CjjfcimQ ^ijlmnQk g^ijfcimQ (214) 

where again in the last step we have used Eq. (16). Similarly, 

r>»j _ Jjlmn-pk 1 ijklm-T) 

Computing the product Qy gfc P^ we get 

Q^P* = 12Qf"PLn + lQ lm Plm (216) 
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Here we have used the results: 



ijkpqf^lmn-p _ n _ Jjpqr f\lmr> 



pgr 



ijpqr (~\lmn-pk i arvimnpfc 

t-ijklmt r pqr ~ ±zl »4fc r inm 

Q 3Hm e ,3fcp? Q im P P9 = 12Q te P Zm (217) 

The first of these equations in Eq. (207) follow from the tracelessness of Q l k mn and 
P' - fc . Further, on using Eq.(13) 



Q* . = S lJ ' = - (S fo1 + S fo ' } ) 

= \ + Qfo) (218) 



and similarly, 
which gives, 



p _ 

1 ICi 



\ (P« + Pg°) (219) 



1 1 r»(S) 



Q^P«, = + (220) 

Note that the cross terms do no couple in Eq.(220) as one is antisymmetric and 
the other is a symmetric tensor in the exchange of indices i and j. Finally, on 
using Eq. (13) once again 

Q: 'V = s}Ri = (q; + Uq) (pi + ±s>P) 

= Q}P1 (221) 

In the last step we have used Eq.(16). Substituting Eqs. (210), (213), (216), (220) 
and (221) in Eq.(208) we get, 

3z 

< T? +)/ Jfl|T (+) „ >= T Q l P^Q,P* 

12 J 4^(3) 
/ Q; I> . - «Q?' *Pj,- fc 

-^'P?' (222) 
One can now use normalized fields exhibited in Eqs. (19) and (20). 
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